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                \begin{document}$$\Vert \cdot \Vert _{\mathcal {M}}$$\end{document}$ denotes the Radon norm of a measure. The functional ([1.1](#Equ1){ref-type=""}) is suitable to be used as a regulariser in the context of variational non-smooth regularisation in imaging applications. We study the properties of ([1.1](#Equ1){ref-type=""}), its regularising mechanism for different values of *p* and apply it successfully to image denoising.

Context {#Sec2}
-------

After the introduction of the total variation ($\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \min _{u} \frac{1}{s}\Vert f-Tu\Vert _{\mathrm {L}^{s}(\Omega )}^{s}+\Psi (u). \end{aligned}$$\end{document}$$The *regulariser* is denoted here by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Psi $$\end{document}$. We assume that the data *f*, defined on an open, bounded and connected domain $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Omega \subset \mathbb {R}^{2}$$\end{document}$, have been corrupted through a bounded, linear operator *T* and additive (random) noise. Different values of *s* can be considered for the first term of ([1.2](#Equ2){ref-type=""}), the *fidelity term*. For example, models incorporating an $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {L}^{2}$$\end{document}$ fidelity term (resp. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {L}^{1}$$\end{document}$) have been shown to be efficient for the restoration of images corrupted by Gaussian noise (resp. impulse noise). Of course, other types of noise can also be considered and in those cases the form of the fidelity term is adjusted accordingly. Typically, one or more parameters within $\documentclass[12pt]{minimal}
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                \begin{document}$$\Psi $$\end{document}$ balance the strength of regularisation against the fidelity term in the minimisation ([1.2](#Equ2){ref-type=""}).

The advantage of using non-smooth regularisers is that the regularised images have sharp edges (discontinuities). For instance, it is a well-known fact that $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {TV}$$\end{document}$ regularisation promotes piecewise constant reconstructions, thus preserving discontinuities. However, this also leads to blocky-like artefacts in the reconstructed image, an effect known as *staircasing*. Recall at this point that for two-dimensional images $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {TV}(u)<\infty $$\end{document}$ the distributional derivative *Du* is a finite Radon measure and $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {L}^{1}$$\end{document}$ norm of the gradient of *u*. Higher-order extensions of the total variation functional are widely explored in the literature e.g. \[[@CR4], [@CR5], [@CR9], [@CR11], [@CR12], [@CR27], [@CR29], [@CR30], [@CR34]\]. The incorporation of second-order derivatives is shown to reduce or even eliminate the staircasing effect. The most successful regulariser of this kind is the second-order total generalised variation (TGV) introduced by Bredies et al. \[[@CR5]\]. Its definition reads$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathrm {TGV}_{\alpha ,\beta }^{2}(u):=\min _{w\in \mathrm {BD}(\Omega )} \alpha \Vert Du-w\Vert _{\mathcal {M}}+\beta \Vert \mathcal {E}w\Vert _{\mathcal {M}}. \end{aligned}$$\end{document}$$Here $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {L}^{1}(\Omega )$$\end{document}$ functions *w*, whose symmetrised distributional derivative $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {E}w$$\end{document}$ is a finite Radon measure. This is a less regular space than the usual space of functions of bounded variation $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {BV}(\Omega )$$\end{document}$ for which the full gradient *Du* is required to be a finite Radon measure. Note that if the variable *w* in the definition ([1.4](#Equ4){ref-type=""}) is forced to be the gradient of another function then we obtain the classical infimal convolution regulariser of Chambolle--Lions \[[@CR9]\]. In that sense $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {TGV}$$\end{document}$ can be seen as a particular instance of infimal convolution, optimally balancing first and second-order information.
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                \begin{document}$$\mathrm {TV}$$\end{document}$) the Radon norm is interpreted as an $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {L}^{1}$$\end{document}$ norm. The motivation for the current and the follow-up paper \[[@CR8]\] is to explore the capabilities of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {L}^{p}$$\end{document}$ norms within first-order regularisation functionals designed for image processing purposes. The use of $\documentclass[12pt]{minimal}
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                \begin{document}$$p> 1$$\end{document}$ has been exploited in different contexts---infinity and *p*-Laplacian (cf. e.g. \[[@CR16]\] and \[[@CR26]\] respectively).

Our Contribution {#Sec3}
----------------

Comparing the definition ([1.1](#Equ1){ref-type=""}) with the definition of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {TGV}$$\end{document}$ in ([1.4](#Equ4){ref-type=""}), we see that the Radon norm of the symmetrised gradient of *w* has been substituted by the $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {L}^{p}$$\end{document}$ norm of *w*, thus reducing the order of regularisation. Up to our knowledge, this is the first paper that provides a thorough analysis of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {L}^{p}$$\end{document}$ infimal convolution models ([1.1](#Equ1){ref-type=""}) in this generality. We show that the minimisation in ([1.1](#Equ1){ref-type=""}) is well-defined and that $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {BV}(\Omega )$$\end{document}$ as desired.

In order to get more insight in the regularising mechanism of the $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {TVL}_{\alpha ,\beta }^{p}$$\end{document}$ functional we provide a detailed and rigorous analysis of its one-dimensional version of the corresponding $\documentclass[12pt]{minimal}
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                \begin{document}$$p=2$$\end{document}$ we also compute exact solutions for simple one-dimensional data. We show that the obtained solutions are piecewise smooth, in contrast to $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {TV}$$\end{document}$ \[[@CR24]\], with the functional ([1.6](#Equ6){ref-type=""}) having a close connection to ([1.1](#Equ1){ref-type=""}) itself. Huber total variation is a smooth approximation of total variation and even though it has been widely used in the imaging and inverse problems community, it has not been analysed adequately. Hence, as a by-product of our analysis, we compute exact solutions of the one-dimensional Huber TV denoising problem. An analogous connection of the $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {TVL}_{\alpha ,\beta }^{p}$$\end{document}$ functional with a generalised Huber $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {TV}$$\end{document}$ regularisation is also established for general *p*.

We proceed with exhaustive numerical experiments focusing on ([1.5](#Equ5){ref-type=""}). Our analysis is confirmed by the fact that the analytical results coincide with the numerical ones. Furthermore, we observe that even though a first-order regularisation functional is used, we are capable of eliminating the staircasing effect, similar to Huber $\documentclass[12pt]{minimal}
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                \begin{document}$$p=\infty $$\end{document}$. Let us finally note that we also consider a modified version of the functional ([1.1](#Equ1){ref-type=""}) where *w* is restricted to be a gradient of another function leading to the more classical infimal convolution setting. Even though, this modified model is not so successful in staircasing reduction, it is effective in decomposing an image into piecewise constant and smooth parts.

Organisation of the Paper {#Sec4}
-------------------------

After the introduction we proceed with the introduction of our model in Sect. [2](#Sec5){ref-type="sec"}. We prove the well-posedness of ([1.1](#Equ1){ref-type=""}), we provide an equivalent definition and we prove its Lipschitz equivalence with the $\documentclass[12pt]{minimal}
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In Sect. [3](#Sec6){ref-type="sec"} we establish a link between the $\documentclass[12pt]{minimal}
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We study the corresponding one-dimensional model in Sect. [4](#Sec7){ref-type="sec"} focusing on the $\documentclass[12pt]{minimal}
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In Sect. [5](#Sec13){ref-type="sec"} we present a variant of our model suitable for image decomposition purposes, i.e. geometric decomposition into piecewise constant and smooth structures.

Section [6](#Sec14){ref-type="sec"} focuses on numerical experiments. Confirmation of the obtained one-dimensional analytical results is done in Sect. [6.2](#Sec16){ref-type="sec"}, while two-dimensional denoising experiments are performed in Sect. [6.3](#Sec17){ref-type="sec"} using the split Bregman method. There, we show that our approach can lead to elimination of the staircasing effect and we also show that by using a Bregmanised version we can also enhance the contrast, achieving results very close to $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {TGV}$$\end{document}$, a method considered state of the art in the context of variational regularisation. We finish the section with some image decomposition examples and we summarise our results in Sect. [7](#Sec18){ref-type="sec"}.

In the appendix, we remind the reader of some basic facts from the theory of Radon measures and $\documentclass[12pt]{minimal}
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The next proposition asserts that the minimisation in ([1.1](#Equ1){ref-type=""}) is indeed well-defined. We omit the proof, which is based on standard coercivity and weak lower semicontinuity techniques:
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-------
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*Remark 2.3* {#FPar8}
------------
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**Proposition 2.4** {#FPar9}
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Finally, observe simply that if ([2.3](#Equ9){ref-type=""}) holds then from ([2.6](#Equ12){ref-type=""}) we getand thus minimising again over *w* and combining ([2.5](#Equ11){ref-type=""}) we get ([2.4](#Equ10){ref-type=""}).
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*Proof* {#FPar12}
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Since we are mainly interested in studying the regularising properties of $\documentclass[12pt]{minimal}
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The *p*-Homogeneous Analogue and Relation to Huber TV {#Sec6}
=====================================================
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-------
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We further establish a connection between the 1-homogeneous $\documentclass[12pt]{minimal}
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**Proposition 3.2** {#FPar15}
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-------
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**Proposition 3.3** {#FPar17}
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The One-Dimensional Case {#Sec7}
========================

In order to get more insights into the structure of solutions of the problem $\documentclass[12pt]{minimal}
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Optimality Conditions {#Sec8}
---------------------

In this section, we derive the optimality conditions for the one-dimensional problem $\documentclass[12pt]{minimal}
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### **Proposition 4.1** {#FPar19}
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### *Proof* {#FPar21}
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### *Remark 4.5* {#FPar26}
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Structure of the Solutions {#Sec9}
--------------------------

The optimality conditions ([4.11](#Equ28){ref-type=""}) and ([4.12](#Equ29){ref-type=""}) can help us explore the structure of the solutions for the problem $\documentclass[12pt]{minimal}
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### **Proposition 4.6** {#FPar27}

(ROF solutions) Let *q* be the conjugate exponent of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p\in (1,\infty ]$$\end{document}$ as defined in ([8.4](#Equ83){ref-type=""}). If$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \frac{\beta }{\alpha }\ge |\Omega |^{\frac{1}{q}}, \end{aligned}$$\end{document}$$then (0, *u*) is a solution pair for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\mathcal {P})$$\end{document}$ where *u* solves the ROF minimisation problem ([4.18](#Equ35){ref-type=""}).

### *Proof* {#FPar28}

The proof follows immediately from Proposition [2.4](#FPar5){ref-type="sec"}.
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### **Proposition 4.9** {#FPar32}
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### *Proof* {#FPar33}
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Let us make a few remarks regarding equation ([4.21](#Equ38){ref-type=""}) which is in fact the *p*-Laplace equation. One cannot write down a priori the boundary conditions associated with this equation on an interval *I* where $\documentclass[12pt]{minimal}
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                \begin{document}$$u<f$$\end{document}$) as it depends on the data and the type of solution we are looking for. For instance see ([4.31](#Equ48){ref-type=""}) for the kind of boundary conditions that might arise when we are seeking a particular exact solution. A general statement about the solvability of the equation cannot be made either. If the equation coupled with the boundary conditions (that arise when looking for a specific solution *u*) has a solution then indeed *u* can possibly solve the minimisation problem. On the other hand, if the *p*-Laplace equation does not have a solution then the function *u* that imposed the corresponding boundary conditions cannot be a minimiser. For more details on the *p*-Laplace equation and its solvability we refer the reader to \[[@CR28]\] and the references therein.
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-------------------------------------------------------------------------------------

In what follows we compute explicit solutions of the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {TVL}^{p}$$\end{document}$ denoising model $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\mathcal {P})$$\end{document}$ for the case $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p=2$$\end{document}$ for a simple data function. We define the step function in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Omega =(-L,L)$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L>0$$\end{document}$ as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} f(x)= {\left\{ \begin{array}{ll} 0&{}\text { if }x\in (-L,0],\\ h&{}\text { if }x\in (0,L). \end{array}\right. } \end{aligned}$$\end{document}$$We first investigate conditions under which we obtain ROF type solutions, that is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w=0$$\end{document}$.

### ROF Type Solutions {#Sec11}
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Finally, we would like to describe the solution on the limiting case $\documentclass[12pt]{minimal}
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In the next proposition we summarise the type of solutions for $\documentclass[12pt]{minimal}
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#### **Proposition 4.10** {#FPar34}

There are four different types of solutions for the problem $\documentclass[12pt]{minimal}
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                \begin{document}$$p=2$$\end{document}$ taking the step function ([4.22](#Equ39){ref-type=""}) as data:A piecewise constant solution given in ([4.24](#Equ41){ref-type=""}) (blue region in Fig. [4](#Fig4){ref-type="fig"}).A constant solution, equal to the mean value of the data, given in ([4.25](#Equ42){ref-type=""}) (brown region in Fig. [4](#Fig4){ref-type="fig"}).A continuous exponential solution given in ([4.30](#Equ47){ref-type=""}) (lightblue region in Fig. [4](#Fig4){ref-type="fig"}).A discontinuous piecewise exponential solution given in ([4.32](#Equ49){ref-type=""}) (green region in Fig. [4](#Fig4){ref-type="fig"}).Furthermore, there is an one to one correspondence between the purple and the green/light blue regions in Fig. [4](#Fig4){ref-type="fig"}.

An Image Decomposition Approach {#Sec13}
===============================
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**Proposition 5.1** {#FPar35}
-------------------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Omega =(a,b)\subset \mathbb {R}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$1<p\le \infty $$\end{document}$. Then a pair $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(v^{*},u^{*})\in \mathrm {W}^{1,p}(\Omega )\times \mathrm {BV}(\Omega ) $$\end{document}$ is a solution of ([5.1](#Equ52){ref-type=""}) if and only if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\nabla v^{*}, u^{*}+v^{*})\in \mathrm {L}^p(\Omega )\times \mathrm {BV}(\Omega )$$\end{document}$ is a solution of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\mathcal {P})$$\end{document}$.

*Proof* {#FPar36}
-------
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The existence of minimisers of ([5.1](#Equ52){ref-type=""}) is shown following again the same techniques as in Theorem [2.5](#FPar7){ref-type="sec"}. Moreover, due to the strict convexity of the fidelity term in ([5.1](#Equ52){ref-type=""}), one can prove that the sum $\documentclass[12pt]{minimal}
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**Proposition 5.2** {#FPar37}
-------------------
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Numerical Experiments {#Sec14}
=====================

In this section we present our numerical simulations for the problem $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \begin{aligned} (\mathrm{div}w)_{i,j}&= {\left\{ \begin{array}{ll} w_{1}(i,j)-w_{1}(i,j-1)&{} \text{ if } 1< j< m,\; 1\le i\le n,\\ w_{1}(i,j) &{} \text{ if } j=1,\; 1\le i\le n,\\ -w_{1}(i,j-1) &{} \text{ if } j=m,\; 1\le i\le n,\ \end{array}\right. }\\&+ {\left\{ \begin{array}{ll} w_{2}(i,j)-w_{2}(i-1,j)&{} \text{ if } 1<i<n,\; 1\le j\le m,\\ w_{2}(i,j) &{} \text{ if } i=1,\; 1\le j\le m,\\ -w_{2}(i-1,j) &{} \text{ if } i=m,\; 1\le j\le m. \end{array}\right. } \end{aligned} \end{aligned}$$\end{document}$$We solve the minimisation problem ([6.1](#Equ57){ref-type=""}) in two ways. The first one is by using the CVX optimisation package with MOSEK solver (interior point methods) \[[@CR19]\]. This method is efficient for small--medium scale optimisation problems and thus it is a suitable choice in order to replicate one-dimensional solutions. On the other hand, we prefer to solve large scale two-dimensional versions of ([6.1](#Equ57){ref-type=""}) with the split Bregman method \[[@CR18]\] which has been widely used for the fast solution of non-smooth minimisation problems.
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In this section we describe how we adapt the split Bregman algorithm to our discrete model ([6.1](#Equ57){ref-type=""}). We first transform the unconstrained problem ([6.1](#Equ57){ref-type=""}) into a constrained one by setting $\documentclass[12pt]{minimal}
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Since we do not solve all the subproblems ([6.9](#Equ65){ref-type=""})--([6.11](#Equ67){ref-type=""}) exactly in every iteration, we cannot guarantee convergence for our version of the split Bregman iteration. Moreover, convergence of the split Bregman algorithm when more than two splittings are performed have not been yet fully established, even though this has been an active field of research lately see for instance \[[@CR13], [@CR17], [@CR31]\]. Let us note that the three subproblems in the split Bregman algorithm can be modified into two subproblems (inexact linearised ADMM) with a small cost in the speed of convergence, see for instance \[[@CR14], [@CR21], [@CR22]\]. However in practice, the algorithm converges to the right solutions. This claim is supported by the study presented in Fig. [5](#Fig5){ref-type="fig"} where the solutions of the split Bregman iteration are compared to the corresponding solutions obtained with the CVX package for which we have convergence guarantees. There, we have solved the $\documentclass[12pt]{minimal}
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In Table [1](#Tab1){ref-type="table"}, we compare the computational times of the split Bregman algorithm until ([6.20](#Equ76){ref-type=""}) is satisfied and the computational times of CVX for the same examples as in Fig. [5](#Fig5){ref-type="fig"}. The implementations were done in MATLAB (2013) using 2.4 GHz Intel Core 2 Duo and 2 GB of memory. Notice that unless $\documentclass[12pt]{minimal}
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One-Dimensional Results {#Sec16}
-----------------------

In this section, we present some numerical results in dimension one, i.e. $\documentclass[12pt]{minimal}
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We proceed by computing the non-ROF solutions. The numerical solutions are solved using the 2-homogeneous analogue ([4.27](#Equ44){ref-type=""}), since we have proved that the 1-homogeneous and *p*-homogeneous problems are equivalent modulo an appropriate rescaling of the parameter $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta $$\end{document}$, see Proposition [3.2](#FPar11){ref-type="sec"}. Indeed, as it is described in Fig. [4](#Fig4){ref-type="fig"}, in order to obtain solutions from the purple region, it suffices to seek for solutions of the 2-homogeneous ([4.27](#Equ44){ref-type=""}). Recall also that these solutions are exactly the solutions obtained solving a Huber TV problem, see Proposition [3.3](#FPar13){ref-type="sec"}. The analytical solutions are given in ([4.30](#Equ47){ref-type=""}) and ([4.32](#Equ49){ref-type=""}) and are compared to the numerical ones in Fig. [7](#Fig7){ref-type="fig"}, where we observe that they coincide. We also verify the equivalence between the 1-homogeneous and 2-homogeneous problems where $\documentclass[12pt]{minimal}
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We continue our experiments for general values of *p* focusing on the structure of the solutions as *p* increases. In order to compare the solutions for different values $\documentclass[12pt]{minimal}
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The linear structure of the solutions that appears for large *p* motivates us to examine the case of piecewise affine data *f* defined as$$\documentclass[12pt]{minimal}
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In the last part of this section, we present some numerical examples of the image decomposition approach presented in Sect. [5](#Sec13){ref-type="sec"}. We use as data a more complicated one-dimensional noiseless signal with piecewise constant, affine and quadratic components and solve the discretised version of ([5.1](#Equ52){ref-type=""}) using $\documentclass[12pt]{minimal}
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Two-Dimensional Results {#Sec17}
-----------------------

In this section we consider the two-dimensional case where $\documentclass[12pt]{minimal}
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We conclude with numerical results for the image decomposition approach of Sect. [5](#Sec13){ref-type="sec"} which we solve again using the split Bregman algorithm. Recall that in dimension two, the solutions of ([5.1](#Equ52){ref-type=""}) are not necessarily the same with the ones of $\documentclass[12pt]{minimal}
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However, the strength of the formulation ([5.1](#Equ52){ref-type=""}) lies on its ability to efficiently decompose an image into piecewise constant and smooth parts. We depict that in Fig. [21](#Fig21){ref-type="fig"}, where we show the components *u* and *v* of the result in Fig. [20](#Fig20){ref-type="fig"}c.Fig. 21Efficient geometric decomposition of the image in Fig. [20](#Fig20){ref-type="fig"}c into a piecewise constant and smooth component, *u* and *v*, respectively, by solving ([5.1](#Equ52){ref-type=""}). **a** Piecewise constant component *u*. **b** Smooth component *v*, **c** Middle row profiles (Color figure online)

Conclusion {#Sec18}
==========
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We studied the corresponding one-dimensional denoising problem focusing on the structure of its solutions. We computed exact solutions of this problem for the case $\documentclass[12pt]{minimal}
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Numerical experiments for several values of *p* indicate that our model leads to an elimination of the staircasing effect. We show that we can further enhance our results by increasing the contrast via a Bregman iteration scheme and thus obtaining results of similar quality to those of $\documentclass[12pt]{minimal}
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This concludes the first part of the study of the $\documentclass[12pt]{minimal}
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Appendix: Radon Measures and Functions of Bounded Variation {#Sec19}
===========================================================
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Recall also the following basic inequality regarding inclusions of $\documentclass[12pt]{minimal}
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